This work is the first in a series of studies aimed at understanding the dynamics of highly eccentric binary neutron stars, and constructing an appropriate gravitational-waveform model for detection. Such binaries are possible sources for ground-based gravitational wave detectors, and are expected to form through dynamical scattering and multi-body interactions in globular clusters and galactic nuclei. In contrast to black holes, oscillations of neutron stars are generically excited by tidal effects after close pericenter passage. Depending on the equation of state, this can enhance the loss of orbital energy by up to tens of percent over that radiated away by gravitational waves during an orbit. Under the same interaction mechanism, part of the orbital angular momentum is also transferred to the star. We calculate the impact of the neutron star oscillations on the orbital evolution of such systems, and compare these results to full numerical simulations. Utilizing a Post-Newtonian flux description we propose a preliminary model to predict the timing of different pericenter passages. A refined version of this model (taking into account Post-Newtonian corrections to the tidal coupling and the oscillations of the stars) may serve as a waveform model for such highly eccentric systems.
I. INTRODUCTION
The LIGO (Laser Interferometric Gravitational Wave Observatory) and Virgo collaborations have already detected five binary black hole (BH) coalescence events [1] [2] [3] [4] [5] and one binary neutron star (NS) event [6] . Current event rates indicate that as LIGO and Virgo reach design sensitivity in the next few years, many more binary NS coalescences will be observed [6] . The formation of binary compact object (CO) systems can be broadly classified into two main categories: field binaries and dynamically assembled (cluster) binaries. In the first channel, the progenitor is a stellar binary where both stars eventually form COs following stellar collapse (with or without supernovae). Such a binary may gain a sizable amount of eccentricity through a supernovae kick, however subsequent gravitational wave (GW) emission will reduce the eccentricity with time, leading to a nearly circular orbit by the time the emission enters the LIGO band. In the second channel, CO binaries form through various N-body interactions that take place in dense stellar environments, including dynamical capture [7] [8] [9] [10] [11] , and exchange interactions during binary-single and binarybinary interactions [12] [13] [14] .
An exciting aspect of dynamically assembled binaries is that some fraction of these systems will emit GWs in the LIGO/Virgo bands while their orbits are highly eccentric (for order-of-magnitude estimates of these fractions see e.g. [12, 14, 15] ). A further mechanism that can produce eccentric mergers within ground-based GW detector bands are hierarchical triple systems where a Kozai-Lidov type resonance occurs [16] [17] [18] [19] [20] ; such systems could form both in field and cluster environments, though for our purposes of studying eccentric mergers we will group them in the "dynamically assembled" category. Currently, the rate estimates for dynamically assembled binaries are quite uncertain, but it is possible that they contribute a non-negligible fraction of events detectable by LIGO and future ground-based GW detectors.
If a highly eccentric binary system contains one or more neutron stars it will also have distinct phenomenology. For example, the star will be tidally perturbed after each pericenter passage [21] , leaving a weak, oscillatory GW imprint as a tail of the main GW burst produced at pericenter [22] [23] [24] , along with possible electromagnetic emission due to crust cracking (if the pericenter distance is sufficiently small) [24, 25] . Probing these post-burst NS oscillations in GWs offers an opportunity to study the oscillation modes of cold, perturbed neutron stars (NS asteroseismology), which are distinct from the modes of a post-merger hypermassive NS remnant (see e.g. [26, 27] for recent reviews on this topic) 1 . Therefore it is interesting to study the dynamics of such binaries and develop an appropriate GW detection template that includes both the burst and post-burst phenomenology. However, we point out that as these post-burst oscillations are generally much weaker than the pericenter bursts, direct observation of the accompanying GWs may require at least third-generation ground-based detectors and appropriate data analysis methods, such as coherent mode stacking [31] [32] [33] (see also [34, 35] ).
In this work we explicitly compute the amount of energy/angular momentum deposited into the star(s) due to dynamical tidal excitations. We find that during a close passage, the change of orbital energy due to the tidal interaction may be up to tens of percent of the energy carried away by GWs during the same time, depending on the equation of state (EOS) of the star. This observation is consistent with a recent study on f-mode excitation in BH-NS binaries [36] , but different from the conclusion drawn in [37] , which, as we will discuss in Sec. II, we attribute to the incomplete summation of modes used in [37] . We also find that a non-negligible amount of orbital angular momentum is transferred to the star, mainly through f-mode excitations. These fmodes decay with time due to GW emission, with a quality factor that is generally very high, so that a significant fraction of the mode energy can remain by the next pericenter passage. Therefore an accurate model for the orbital evolution must include the evolution of the star's f-modes.
To model the orbit, we adopt the osculating-orbit approximation used in [38] for describing the orbital evolution of highly eccentric binary black holes (see for example [39] for a model of lower eccentricity binaries). Within such an approximation, each orbital cycle is described by an eccentric orbit with fixed energy, angular momentum, and eccentricity in the Post-Newtonian (PN) expansion, but these quantities change from one cycle to the next according to the accumulated flux calculated within a cycle. By definition, such an approximation fails if the conserved quantities change significantly within an orbital cycle. For the GW flux generated by the tidal excitations, we only consider Newtonian order terms of the star(s)'s oscillations under the tidal field of the companion. Including higher PN tidal effects may require dealing with nontrivial gauge issues connecting single star calculations to a consistent binary NS calculation [40] . For the flux generated by the orbital motion, we have used the 3PN flux formulas in [38, 41] . This paper is organized as follows. In Sec. II we calculate the excitation of NS modes due to tidal interactions, and their influence on the orbital evolution by changing the orbital energy and angular momentum. In Sec. III we apply these results to polytropic stars, and compare the predictions with a full numerical calculation in Sec. IV. We review the PN description of eccentric orbits, and propose a model to describe the timing of sequential bursts of eccentric binary NS systems in Sec. V. Unless otherwise noted, we use geometric units with G = c = 1 throughout.
II. FORMALISM
A. Mode excitation, energy and angular momentum transfer
Let us consider f-mode excitation of a NS due to the tidal field generated by its companion star. Other eigenmodes (such as p-modes) of the star are also excited by the tidal field, but their contribution to the total modal energy is much smaller than the f-modes [42] , so in this work we focus only on f-modes. The generalization of the calculation performed here to additional modes is straightforward. In addition, we shall only perform the analysis of the stellar deformation to the leading, Newtonian order, because the tidal-induced energy and angular momentum transfer are already of higher PN order compared to the GW radiation back-reaction. We shall also only keep the leading order, quadrupole piece of the tidal field, as contributions from higher multipoles are negligible [42] .
According to [42] , the time domain equation of motion can be written as
where ξ is the Lagrangian displacement vector field, U is the tidal potential and L is a self-adjoint operator whose detailed form is not important here. Let us denote the eigenfrequency of each mode as ω n and the eigenfunction as ξ (n) , where n labels the spherical harmonic indices (l, m). We define an inner product as
where ρ is the rest-mass density. The mode eigenfunctions are normalized such that ξ (n) |ξ (n ) = δ n n . The Lagrangian displacement field can be decomposed as
where h.c. stands for hermitian conjugate. As the pericenter passage timescale is much shorter than the mode decay timescale (due to GW radiation and viscous damping), and restricting to non-rotating stars as in [37, 42] , L should act solely as a second derivative when applied to functions of time. We plug Eq. (3) into Eq. (1) and take the inner product with ξ (n) to obtain the time domain mode evolution equation as
We focus on the f-modes of NSs, which can be intuitively understood as the fundamental oscillation modes of the star, and ignore the less relevant p or g overtone modes. The eigenfunction ξ (n) can be expressed in vector spherical harmonics:
where the determination of ξ (n)
R and ξ (n) S is discussed in Appendix A. Note that by writing down the mode decomposition in the time domain in Eq. (3), we need to take into account the double counting problem, as each bracket in the summation includes both ±m modes (with m running from −l to l). One way to resolve this problem is to only include modes with m ≥ 0 in the summation, and in particular remove the Hermitian conjugate terms for m = 0 modes. Another way is to allow a complex displacement field for each mode, and remove all Hermitian conjugate terms in the summation. The reality condition for ξ will be enforced by the fact that A l,m = A l,−m * . These two methods give the same result, and we shall adopt the second approach because it is more convenient for both the time domain and the frequency domain analyses.
The quadrupole piece of the tidal potential can be expressed as
with E ij being the electric part of the tidal tensor [43, 44] . During a pericenter passage, the energy deposited into the star is given by [42] (in the Lagrange description, x j → x j + ξ j , and we neglect O(ξ 2 ) terms)
On the one hand, we note that Eq. (4) (within the quadrupole approximation) can be written as
so that the change of the mode energy becomes
The physical meaning of the above expression is obvious: the change in mode energy can be divided into kinetic energy change and potential energy change.
As an initial value problem, the solution of Eq. (8) is given by
with A n init (t) being an initial oscillation in the given mode of the star prior to any tidal interaction. Within the osculating orbit approximation, stringing together a sequence of pericenter encounters, the new tidally induced oscillation at each encounter can be modeled by an expression of the form (10), with the constants (A
init | t=0 ) determined using the previous cycle's A (n) (t), appropriately damped by GW emission.
On the other hand, we can rewrite the mode evolution equation in the frequency domain, with
and
The frequency domain equation (Eq. (11)) is suitable to describe the evolution with zero initial oscillations, e.g., in cases where the mode decay timescale is shorter than the orbital timescale. In the frequency domain description, the energy deposited into modes is [42] ∆E mode = 2π
In addition to energy, part of the orbital angular momentum is also transferred to the star through the dynamical coupling between the tidal bulge and the companion star. Similar to Eq. (7), with the power injected replaced by the torque acting on each mass element, we have
with the symmetrized tensor O jl being (O jl + O lj )/2, and in the third line we have neglected O(ξ 2 ) terms. In this study, we choose the coordinate system such that the stellar trajectory resides on the equatorial plane, and only consider the change of angular momentum along the z-axis:
In the frequency domain, similarly to the evaluation for the mode energy, Eq. (14) can be rewritten as
where we have used the fact that E is a symmetric tensor.
B. Typical orbits
The energy and angular momentum lost to mode excitations is generally smaller than that lost to GW radiation from the orbital motion. As a result, we adopt the Newtonian description of eccentric orbits when we compute the NS mode excitations. Such a simplified treatment also facilitates a direct comparison with previous work [37, 42] . On the other hand, to track the long-term orbital evolution, a PN/quasi-Keplerian formalism [41] becomes necessary, which we discuss in Sec. V. In this section, we discuss marginally unbound (parabolic) and bound eccentric orbits separately.
Parabolic orbit
In the rest frame of a reference star, the parabolic orbit of the companion star can be parameterized by
where r t is the orbital separation, t the time from pericenter passage, Φ the true anomaly, M and M * are the masses of the reference and incoming star, respectively, and R 0 is the pericenter distance. In Cartesian coordinates, the position in (x, y) (equatorial plane) is then given by
The quadrupole tidal tensor, generated by an incoming star following the above trajectory is given by
The symmetrized overlap tensor O is given by
with eâ being a unit coordinate vector, er being the unit radial vector and Q (n) ξ defined as (R * being the radius of the star)
The quadrupole tidal field excites NS modes with l = 2 only. Summing over the azimuthal wave numbers of the f-modes (and neglecting contributions from p, g-modes), in the time domain, the angular momentum shift of the star is
where
init | t=0 cos ω 22 t +Ȧ (22) init | t=0 ω 22 sin ω 22 t ,
For non-rotating stars, or if we neglect the split of oscillation modes due to rotation, we have
The energy change under the same assumption (no initial oscillation) can be obtained by using Eq. (7) and (10):
If we define (similar to [42] )
∆J mode,z in Eq. (24) can be rewritten as
with the renormalized frequency given by
Similarly, the energy change described by Eq. (25) can be rewritten as
This is consistent with the result in [42] obtained using the frequency domain calculation.
Bound eccentric orbits
Although a highly eccentric bound orbit near its pericenter can be well approximated by a parabolic orbit, we still present the energy and angular momentum transfer due to mode excitations explicitly, which is relevant for an evolving sequence of encounters.
A bound (e < 1) eccentric orbit can be described by
with p 0 being the semilatus rectum, a 0 the length of the semi-major axis, e the eccentricity (1 − e 1 for highly eccentric orbits), τ the mean anomaly, and Φ the true anomaly. The pericenter distance R 0 equals a 0 (1 − e). Following the same procedure as in Sec. II B 1, but with a new quantity P m defined to replace I m :
the angular momentum change of the reference star after each passage is
where we no longer ignore the residual oscillation from previous encounters during a series of pericenter passages. Similarly the modal energy change is
Soon after each periastron passage, the distance between the stars grows large enough so that the tidal interaction is no longer important until the next periastron passage. Therefore we shall approximate the mode evolution between two periastron passages as free evolution damped by GW radiation. The mode damping due to viscosity is expected to have a timescale longer than the timescales such systems would remain in the aLIGO band (or future ground-based detectors such as Einstein Telescope and Cosmic Explorer), and shall be neglected in this analysis.
The mode damping due to GW radiation can be approximated using the quadrupole formula:
where t is the temporal average (over timescales longer than the oscillation period but shorter than the decay time) and the trace-free quadrupole moment is
Because the fluid motion following the f-mode eigenfunction is trace-preserving for the quadrupole moment, the r 2 term in Eq. (35) can be dropped, so we have
where the O(ξ 2 ) terms are neglected. We shall rewrite Eq. (34) as
During this "free" (without tidal driving) evolution phase, the energy damping rate is proportional to the mode amplitude squared, and the mode energy is also proportional to its amplitude squared. As a result, the mode evolution can be modeled as a decaying oscillation with a fixed quality factor Q lm or decay rate γ lm = πf mode /Q lm . If a family of modes is initially excited, they should decay independently following their own decay rates because modes with different l, m do not overlap in angular directions (the angular average is zero), and modes with the same l, m but different overtones do not overlap in time (the temporal average is zero). For our purpose we mainly focus on = 2 modes, as they are the dominant modes excited after the periastron passage. Consider a decaying oscillation of the (2,2) mode
The mode energy, according to Eq. (9) (assuming Q 22 1), is
The right hand side of Eq. (37) is given by
Combining Eq. (40) and Eq. (39), we deduce the decay rate of the (2,2) mode to be
and correspondingly the quality factor is
III. PARABOLIC ORBITS OF POLYTROPIC STARS
In this section, we apply the formalism presented in Sec. II to polytropic stars undergoing parabolic encounters, which allows us to compare the results with the full numerical solutions described in Sec. IV. We find that the total mode energy deposited onto stars can be comparable to the energy radiated by GWs (∆E GW ) during a close encounter. Given the various approximations employed in the analytic treatment, we do not expect exact agreement. Better agreement may be achieved by incorporating PN treatment of the stars' oscillation and higher-order PN description of the orbit.
A. Prediction for polytropic EOS
To enable a simple comparison between the formalism in Sec. II and numerical simulations, we assume an equalmass NS binary M = M * , and a polytropic NS EOS, specifically P = Kρ Γ with Γ = 2. For such stars, the spherically symmetric equilibrium configuration can be obtained by solving
with U being the Newtonian potential. The corresponding solutions are
with K = 2GR 2 * /π and M = 4ρ c R 3 * /π. Both K and ρ c are fixed if we choose the NS radius for a given NS mass. According to the analysis in Appendix A, the normalized f-mode eigenfrequencies for such stars are given by 20 = 2,±2 = 0.8676
The frequency degeneracy is due to the spherical symmetry of the background solution, such that the mode frequency is independent of the azimuthal wave number. Similarly, the mode overlap constants for the 22 and 20 modes are the same, as ξ are also independent of m due to the spherical symmetry (the 21 mode is irrelevant for computing energy and angular momentum transfer, according to Eq. (29) and Eq. (27) ). The detailed form of the radial dependence of wave functions can be obtained using the method described in Appendix A. The overlap constants are
which implies that the quality factors (c.f. Eq. (42)) are
From Eq. (45) and Eq. (26), the mode excitation coefficients (as functions of R 0 /R * ) are shown in Fig. 1 . Notice under the convention in Eq. (26), the magnitude of I −2 is much greater than I 2 , which has to do with the fact that the star's motion is counterclockwise as described by Eq. (17) . As a result, when we use Eq. (29) to compute mode energy, the m = −2 piece dominates over other parts. The study in [37] only includes the m = 2 piece, which explains why the result therein is much smaller than the values inferred by numerical simulations.
With the excitation coefficients shown in Fig. 1 , and the overlap constants obtained from Eq. (46), we can write the mode energy in Eq. (29) as
and mode angular momentum
Without considering mode excitations, the GW energy emitted during a periastron passage can be estimated as [37, 45] :
and the angular momentum carried away by GWs is
As a result, the ratio between the mode energy deposited into both stars and the energy carried away by GWs during the main burst is
Similarly, the ratio between the mode angular momentum deposited into both stars and the angular momentum carried away by GWs during the main burst is The ratio between the total mode energy (angular momentum) deposited onto stars and the energy (angular momentum) carried away by GWs during the main burst, as a function of the normalized periastron frequency f /fc. Here R * c 2 /(GM ) is taken to be 5.88. The dots shown in the top plot represent estimates from the numerical simulations listed in Table. I.
The dominant contribution comes from the m = −2 mode with our conventions. As a concrete example, take a NS with compaction GM/(c 2 R * ) ∼ 0.17 (e.g. M ≈ 1.4 M and R * ≈ 12 km). In Fig. 2 we plot the ratio described in Eq. (52) and Eq. (53) as a function of the "periastron frequency" f (of the orbit, hence half the GW frequency). This frequency is introduced in [37, 38] (also discussed in Sec. IV), and represents the peak frequency of the main burst. In the Newtonian limit, f is proportional to R −1.5 0 . In Fig. 2 , f c := M/(2R * ) 3 /π denotes the periastron frequency for the closest possible passage without the stars colliding. For comparison, in this figure we also show results from the full numerical solutions described in Sec. IV. These agree with the model to within a factor of two, even at the relativistic velocities considered. The plot shows that, for very close pericenter passages, the mode energy/angular momentum deposited into the stars can be of the same order of magnitude as the energy/angular momentum carried away by GWs. This means that it is crucial to include the mode dynamics in order to accurately model the orbital evolution.
IV. SIMULATIONS IN FULL GR
In order to validate the model described in the previous section, and determine its accuracy into the relativistic regime, we simulate several cases consisting of compact object binaries undergoing a close encounter using GR coupled to hydrodynamics. This work makes use of similar methods to those of previous studies of eccentric binary mergers [23, 24, [46] [47] [48] , which we just briefly review here.
A. Numerical Methods
These simulations are carried out by solving the full Einstein equations coupled to hydrodynamics using the methods described in [49] . For ease of comparison to the approximate model described in this work, we restrict ourselves to a Γ = 2 EOS. We make use of adaptive mesh refinement with seven levels of refinement. The base-level resolution has 201 3 points, while the finestlevel resolution has approximately 100 points across the NS diameter. For simulations with BHs, we use one additional mesh refinement level, which gives a factor of two better resolution, around the BH. For one of the NS-NS cases, we also perform a lower resolution simulation with 0.6× the above resolution, in order to estimate truncation error.
B. Initial Data and Cases
We study binary NS close encounters with several different impact parameters, and then follow the oscillations in the stars during the long outgoing part of the elliptic orbit. For comparison, we also consider an equal mass BH-NS case with a non-spinning BH and the same orbital parameters as one of the binary NS cases. Initial data is constructed using the methods described in [50] . We choose the initial velocities and positions of the compact objects at large separation (d = 50M tot , where M tot is the total mass of the system) based on a marginally bound Newtonian orbit with a specified periapse distance R 0 . The actual periapse distance of the binary will be different (due to gauge effects, relativistic corrections, etc.), and we fix the parameters used for comparing to the approximate model based on the frequency of the flyby gravitational waveform. This allows a largely gaugeinvariant comparison with the model we presented in the previous section. We consider several equal mass binary NS cases with R 0 /M tot = 10.0, 11.5, and 13. For the comparison to an equal mass BH-NS system, we use a single NS case with R 0 /M tot = 11.5. In all cases we choose a NS with M * /R * = 0.17.
C. Results
In Fig. 3 we show a comparison of the GWs from a NS-NS and BH-NS case with the same orbital parameters. The fly-by part of the waveform matches well between the two cases, indicating that the incoming orbits are very close. The peak instantaneous GW frequency, calculated from the time derivative of the phase of the (2, 2) component of Ψ 4 is ωM tot = 0.11, and differs by < 1% in the two cases. This corresponds to normalized periastron frequency of f /f c = 0.55. The amount of energy radiated in GWs around the periapse passage is ∆E GW /M tot ≈ 6.4 × 10 −4 .
After the fly-by there are high frequency GW oscillations in both cases. By going to the frequency domain we can see these GW oscillations are primarily at the expected f -mode frequency, and that the amplitude in the binary NS case is twice that of the BH-NS case, indicating that to a good approximation the stars are tidally perturbed by the same amount. In the middle panel of Fig. 3 , one can see a lower frequency modulation in the GW signal. The fact that this occurs in both the binary NS and BH-NS cases indicates that it is not due to interference effects, and is perhaps instead due to the presence of more than one fluid oscillation mode.
We can estimate the amount of energy lost to tidal excitations by comparing the orbits in the two cases. In Fig. 4 we show the coordinate separation of the binary as a function of angle, at large values post-flyby. Fitting this to a Newtonian orbit, and taking the difference of the resulting values for the orbital energy for the BH-NS and NS-NS cases and attributing it to the energy of the tidal excitations in a single star gives ∆E mode /∆E GW = 0.13.
2 In comparison, the analytic model predicts ∆E mode /∆E GW = 0.22.
We use the above estimate of ∆E mode as a reference value, and also consider how the tidal excitation compares as a function of impact parameter -or equivalently, periastron frequency-for a higher and lower case. The results are summarized in Table I . All cases show the expected peak in the characteristic strain at the fmode frequency as in the bottom panel of Fig. 3 , and here we have estimated ∆E mode by assuming that it is proportional to the strain within this peak (within 10% of the f-mode frequency), and using the above comparison to the BH-NS to fix the overall magnitude. We also note that by comparing two different resolutions for the largest impact parameter (lowest value of f /f c case), and as- The coordinate separation versus orbital angle at large distances post-flyby for a BH-NS and NS-NS system with the same initial binary parameters. We also show the Newtonian orbits with the best-fit parameters for these two cases.
suming second order convergence 3 , we estimate that the truncation error in the calculation of ∆E mode is ∼ 20% (and it is an underestimated), while the truncation errors in f /f c and E GW are smaller, 1%. Likely more significant are systematic effects in estimating orbital energy based on comparing coordinate trajectories for the BH-NS and NS-NS cases, and measuring tidal excitations based on the GW emission. Since our main purpose here is to establish the rough accuracy of the analytic model for tidal excitations, we leave a more in-depth study of this to future work. 
V. TRAJECTORY MODEL
A trajectory and waveform model for highly eccentric, binary BH systems was developed in [38] . The key idea is to divide the whole trajectory into a series of PN elliptical orbits attached by a change of orbital parameters that occurs during the pericenter passage process. The shift of orbital eccentricity and energy/angular momentum can be obtained by computing the accumulated GW flux within each cycle.
Based on a PN description of the orbital evolution, the BH waveform model then contains four physical quantities: t i , δt i , f i , δf i for the ith cycle. Here t i is the coordinate time for the ith periastron passage while f i is the "periastron frequency", defined as [38] 
pericenter velocity pericenter distance ,
which reduces to
in the Newtonian limit. Phenomenologically, 2f i well approximates the central burst frequency of GWs corresponding to the ith periastron passage. With the predictions of t i and f i for the central arriving time and frequency of each GW burst, one can extract a sequence of centroids of size δt i × δf i in the time-frequency diagram around (t i , f i ), compute the spectrum within each centroid, and possibly stack the spectra power of different centroids to boost the total signal-to-noise ratio [15, 51] . The choices for δt i and δf i are rather flexible; in [38] they are chosen to be constant multiples of τ GW and f i .
We notice that if the orbital evolution and GW emission can be modeled with enough accuracy, such that the phase error of the waveform for the whole duration is controlled within O(1/SNR) (with SNR being the signalto-noise ratio of a typical event), it is preferable to use a single waveform covering the whole duration for both detection and parameter estimation purpose. This requirement is challenging because the binary dynamics could be quite nonlinear near pericenter passages, and the total duration could contain many cycles. It is computationally prohibitive to perform numerical simulations of this type to calibrate the theoretical waveforms designed for such systems. Nevertheless, one possibility is to use a waveform calibrated by numerical relativity when the NSs are close to each other, and then match it to a PN waveform when the two stars are far apart. We shall leave further investigation of this to future work.
A. Order of magnitude estimates
As discussed in Sec. III, and explicitly shown in Fig. 2 , the energy/angular momentum deposited into the stars may be of the same order of magnitude as the energy/angular momentum carried away by GWs during close pericenter passages. In this case it is necessary to include the effect of mode excitations into the evolution model for such orbits.
To quantify the regime of importance for mode excitations, we notice that 2∆E mode /∆E GW in Fig. 2 exceeds 1% only when f /f c ≥ 1/3, which means that
Another question is whether it is necessary to include the oscillations inherited from the previous pericenter passage as in Eq. (33) and Eq. (32), instead of setting A init andȦ init to be zero before each pericenter passage. To answer this question, we compare the mode decaying timescale 1/γ 22 with the orbital period (in the Newtonian limit)
We conclude that the initial oscillations are negligible if
If we consider the type of NS assumed to produce Fig. 2 and consider the closest passage with R 0 = 2R * , the above inequality can be translated to 1 − e 0.07. For such binaries (with Eq. (58) satisfied), it is no longer necessary to track the evolution of modes, as the lifetime of the modes is smaller than the time between pericenter passages. However, in order to compute the energy and angular momentum change of the orbit after pericenter passages, it is still necessary to include the mode contributions using Eq. (33) and Eq. (32), with A init andȦ init set to zero.
In the special case studied in Sec. IV, the two NSs are assumed to be identical, which means that their fmodes have the same frequency. The GWs generated by f-mode oscillations from two stars may beat with each other, depending on the separation of two stars and the sky direction of observers. This beating starts to become important if the orbital separation is comparable to, or larger than, the half-wavelength of the f-mode GWs:
or equivalently
In reality, the masses of individual NSs within the binary will be different (we denote the mass difference as ∆M = M − M * ). According to the f-mode frequency formula (see Eq. (45)), we have δf /f ∼ 0.5∆M/M . The beating generally loses constructive interference after f /2δf ∼ M/∆M oscillation cycles.
B. Trajectory model
The quasi-Keplerian (QK) description of eccentric orbits of a compact binary is well explained in [41] . In this framework, the 1PN motion of the binary in the radial, time, and angular directions can be written in the following form:
where v is the true anomaly, u is the eccentric anomaly, = n(t − t p ) is the mean anomaly with n = 2π/T being the mean motion, and P is the period. In addition, K is related to the periastron precession angle per cycle ∆φ p by ∆φ p = 2π(K − 1). The above QK representation has been generalized to 2 PN [52-54] and 3 PN orders [55] . The orbital eccentricities e t , e r , and e φ , and additional parameters n, K, and a r are all functions of the orbital energy and angular momentum (see Eq. (345) in [41] ), and we introduce a new set of parameters to match the convention in [41] :
In order to obtain a mapping for orbital parameters from one cycle to the next, we first compute the energy and angular momentum change within the current cycle:
The energy and angular momentum radiated by the orbital motion within the ith cycle are
where n i is given by Eq. (347a) in [41] . The 3PN orbital-averaged energy flux can be obtained from Eq.
(355) in [41] , and the 3PN averaged angular momentum can be found in [56] . For the mode energy and angular momentum change we use Eq. (33), Eq. (32) and Eq. (62). There is however one subtlety, which is to include the residual oscillation from the previous pericenter passage into the calculation, i.e., the terms involving A init andȦ init . Based on Eq. (23), we denote A init,i = A init (t i ),Ȧ init,i =Ȧ init (t i ), and explicitly write down their mapping relations as (with Q 1) 
where we have abbreviated the mode index for frequencies and decay rates because they are the same for all modes with = 2.
• The initial pericenter separation is R0,1 = 3R * , and the initial er is set to 0.9. The quantities e t,no mode , e r,no mode , and e φ,no mode are obtained without including the star's oscillations; et,no init is computed including the star's oscillation but zero Ainit; et,init is computed taking into account the evolution of the mode amplitude over time.
In reality, even if the initial mode oscillation is known at the beginning of a sequence of bursts, the phase error due to the PN approximation and the osculating orbit approximation may accumulate with time and eventually lead to very inaccurate predictions for A init andȦ init . As a result, if we denote the time for a template to receive O(1) phase error as τ 1 , an accurate template should satisfy τ 1 γ 22 > 1.
To 1PN order, the periastron frequency of the ith cycle f i is given by [38] 
pericenter velocity pericenter distance
At 3 PN order, f i can be obtained by combining Eq. (346) and Eq. (343) in [41] :
1 + 2f φ cos 2v + 3g φ cos 3v + 4i φ cos 4v + 5h φ cos 5v 1 − e t cos u − g t + dv/du(g t + f t cos v + 2i t cos 2v + 3h t cos 3v) u,v=0
where the definition and more discussions on the orbital elements f φ , g φ , i φ , h φ , f t , g t , i t , h t , e t , e r , e φ can be found in [41, 55] . Under the impulsive approximation, the Newtonian formula for the energy and angular momentum deposited into the stars, i.e., Eq. (33) and Eq. (32), can be further improved by incorporating the 1PN trajectory description in Eq. (61). To do that, we only need to replace a 0 in Eq. (32), (33) by a r , and the definition of P m (y) to be
and ∆E mode and ∆J mode are explicitly given by
Note that in order to capture higher PN tidal effects, the analysis on stellar oscillation in Appendix A should be extended to higher PN orders as well. In order to illustrate the trajectory model described by Eqs. (32) , (33) , (65), (66), (63), (64), we start an orbit with initial pericenter distance R 0 = 3R * and initial eccentricity e r = 0.9 (in the modified harmonic coordinate; this quantity is not gauge-invariant). In Fig. 5 , we compare the evolution of eccentricities in three different scenarios: (i) assuming no tidal excitations of the stars, (ii) allowing stellar oscillations, while neglecting the nonzero values of A init andȦ init from previous encounters, (iii) allowing star oscillations and evolving A init andȦ init . In Fig. (6) , we also present the evolution of the orbital period, pericenter frequency, and pericenter distance for the above three scenarios. We can see that for such a close encounter, the oscillation of the stars significantly alters the trajectory, and it is important to include the evolution of the modes into the trajectory model. In fact, for this case during some of the later close encounters, the frequency of the orbit is larger when this evolution is tracked, compared to when it is not, as energy and angular momentum are taken out of the NS oscillations and put back in the orbit. We also notice that, for the last several orbits, the eccentricity falls below 0.5. Strictly speaking, orbits in such a regime are no longer highly eccentric, since the impulsive approximation is no longer accurate. To deal with orbits with mid-range eccentricities, the mode evolution has to be computed using a continuous forcing in time. Studying this regime is beyond the scope of this paper.
VI. CONCLUSION
In this work, we have shown that tidal excitation of stellar modes can dramatically influence the dynamics of binary neutron stars in highly eccentric orbits. The amount of extra energy and angular momentum change in the orbit due to mode excitation can be tens of percent of that due to GWs alone, if the pericenter distance is smaller than ∼ 4R * . The exact amounts will depend on the EOS, and here we focused on a Γ = 2 polytrope to simplify the comparison between the analytic model and numerical results. The prediction from the Newtonian approximation agrees with the full numerical results to within a factor of a two (with the error likely dominated by systematic effects in measuring orbital properties from the code results). This also resolves the large discrepancy between a similar analytic calculation and numerical simulations reported in [37] .
The discussion presented in this work also applies for highly eccentric NS-BH binaries, regardless of the mass ratio [57] . While the rates of detecting these highly eccentric binaries are uncertain, their gravitational waveforms display distinctive f-mode oscillations, which are not present in any appreciable amount in quasi-circular systems. Observing these oscillations would provide unprecedented information about the structure and EOS of cold NSs. One possible way to enhance the SNR of these oscillation features is to stack the post-encounter waveform of a series of pericenter passages, which requires accurate predictions for the timing of these encounters. Another possibility is to rely on the observation of thirdgeneration ground-based detectors. As the f-mode frequency is generally above 2 kHz (the f-mode frequency in Fig. 3 is approximately 2.6 kHz), the high frequency detector proposed in [58] is ideal for observing such signals. Assuming a detection strategy that coherently adds the signals from different pericenter encounters, the estimated SNR for f-mode oscillations is 
where d is the distance of the binary from Earth, S n is the one-sided power spectral density of the detector, E GW is the total energy radiated by GWs and E mode is the energy radiated by f-mode oscillations.
We obtain the following ordinary differential equations: 
As explained above, for the polytropic stars studied here, A is zero. The differential equations are subject to the regularity condition at the center of star and boundary conditions at the stellar surface which require force balance and zero pressure:
(ρ y + p ξ R )| R * = 0, u + (l + 1) u r R * = −4πGρ(R * )ξ R (R * ) .
The eigenfrequency σ and eigenfunctions ξ R and ξ S can be obtained by solving Eqs. (A7) with the above boundary conditions.
